
1 Solving Hamiltonians

� Today we will study Dynamic Programming. In par-
ticular we will learn how to solve so called Hamilto-
nians. We do this to facilitate the understanding of
chapter 4 in the book.

� Our strategy is to go through some relatively simple
similar examples.

� A book I recommend on this is Barro and Sala-I-
Martin, �Economic Growth�.

� Mathematicians have long worried about dynamic
problems.

� The �rst one to solve this kind of problem was proba-
bly Bernoulli in 1696. The theories are mostly used in
physics but also economists have much use of them.



� We will deal with in�nitely lived households that
choose consumption and saving to maximize their
utility subject to an intertemporal budget constraint
(The so called Ramsey Model).

� Our method will be the following:

� First, to set up the households�problem.

� Second, to solve the model, looking for steady state
values of consumption and the capital stock.

� Third, to show, in a so called phase diagram, how
consumption and the capital stock change over time
as they approach steady state.

� Fourth, to do some comparative statics to get a bet-
ter feeling for the model.



1.1 Example 1

Consider �rst the problem

max
ct
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dt

s:t:

(
_kt = Ak

�
t � ct � �kt

k0 given

and

lim
t!1

e��t�tkt = 0:

� ct is consumption, � is the time discount rate, � is
the depreciation rate of physical capital, and kt is
the capital stock.

� ct is called a control variable.



� The utility function, in this case u(ct) =
c
1�

t
1�
 , is of-

ten called the felicity function and relates to the �ow
of utility per person to the quantity of consumption
per person c.

� We assume that the utility function is increasing in
c and concave.

� In other words, we assume that u0(ct) = c
�

t and

u
00
(c) = �c�
�1t < 0.

� The concavity generates an eagerness to smooth con-
sumption over time: households prefer a relative uni-
form pattern to one in which c is very low in some
periods and very high in others.

� A > 0 and 
 (capturing the level of risk aversion),
�, � and � are between zero and one.



� A positive � means that utils are valued less the later
they are received.

� The constraints are dynamic in that they describe the
evolution of the state of the economy as represented
of the state variable kt.

� The �rst constraint shows how the choice of the con-
trol variable, ct, translates into a pattern of move-
ment for the state variable kt.

� This equation is called the cannonical equation or
the law of motion.

� We note that both the control variable and the state
variable are functions of time.

� The restriction k0 says that the state variable kt
begins at a given value, i.e., k0.



� The constraint limt!1 e��t�tkt = 0 is called the
transversality condition. It says that the chosen value
of the state variable at the end of the planning hori-
zon discounted at the rate � must be zero.

� The intuitive meaning of the transversality condition
is �Since you can�t leave any debt behind, and there
is no point in leaving assets behind, set the net worth
of your assets to zero�.

� To put it di¤erently, households would want to die
with a debt (negative kt) but this is not allowed. In
addition, the value of the capital stock must be zero
asymptotically, otherwise something valuable would
be left over.



� The current value Hamiltonian, H, is

H =
c
1�

t

1� 

+ �t

�
Ak�t � ct � �kt

�

where �t is the current value costate (or shadow value).

�t represents the value of an increment of income re-
ceived at time t in units of utils at time t.

We have that �t = e�t�t where �t (the present value
costate) represents the value of an increment of income
received at time t in units of utils at time 0.

The problem can be solved in terms of the present value,
but we will focus on the current value Hamiltonian as in
the book.



In general, the �rst-order conditions are

Hc = 0;

and

Hk = � _�t + ��t.

So in our case we get

Hc = 0, c
�

t = �t

Hk = � _�t + ��t ,
�t
�
�Ak��1t � �

�
= � _�t + ��t:

In search for the steady state solution we need to achieve
a system of the two di¤erential equations _kt(kt; ct) and
_ct(kt; ct).

We already have a di¤erential equation _kt(kt; ct) (the
law of motion).

What we need now is a di¤erential equation _ct(kt; ct).



We also want to get rid of �t and _�t in the Hk-equation.

To obtain an expression for _ct use the trick to di¤erentiate
�t with respect to time.

Use the fact that

Hc = 0, c
�

t = �t;

to achieve

�
 _ctc�
�1t = _�t:

Now, substitute for �t and _�t in the cannonical equation.

c
�
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�
�Ak��1t � �

�
= �(�
 _ctc�
�1t ) + �c

�

t

From here we get the di¤erential equation _ct(kt; ct)

_ct = (Ak
��1
t � � � �)ct



:



So we have the following non-linear system8<: _kt = Ak
�
t � ct � �kt

_ct =
ct



�
�Ak��1t � �� �

�

We now look for the steady state values of k and c.

In steady state both _k = 0 and _c = 0.

Using the previous system of di¤erential equations we get

_kt = 0) ct = Ak
�
t � �kt;

and

_ct = 0) �Ak��1t � �� � = 0, kt =
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:



The steady state is given by the k� and c�, which solve
these two equations simultaneously.

Hence, the steady state values are

k� =
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! 1
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and

c� = A
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:

We can now make a phase diagram to describe the dy-
namics around the steady state.



Here comes the method:

First draw the curves given by the _kt = 0 and _ct = 0

equations.

They were given by

ct = Ak
�
t � �kt

and

kt =

 
�A

�+ �

! 1
1��

:

To understand the direction of motion over time, we now
want to know what happens when we aren�t on these
lines.



Let�s look at8<: _kt = Ak
�
t � ct � �kt

_ct =
ct



�
�Ak��1t � �� �

�
for a while.

Assume we are on the _kt = 0 curve, and that we increase
consumption. Then we see that _kt becomes negative. So,
above the _kt = 0 curve, capital is decreasing which we
illustrate by left arrows in the diagram.

If we instead decrease consumption compared to our ini-
tial point on _kt = 0 the contrary is true, i.e., capital is
increasing (illustrated by right arrows).

Now consider an initial point on the curve _ct = 0. If we
increase k then _ct becomes negative. This is illustrated
by the down arrows to the right of _ct = 0.

Analogously, if we here decrease k, then _ct becomes pos-
itive, which is illustrated by the upward arrows.



We can now �nd the saddle path, which shows the econ-
omy�s way to the equilibrium.

If the households would start o¤ that curve, they would
diverge away from the equilibrium.

What happens to the economy if for example the discount
factor increases unexpectedly and permanently (i.e., if �
increases)?

The _ct = 0 shifts inward. The former steady state is now
on an explosive trajectory.

The only solution for not �oating o¤ into in�nity is to
jump to the new saddle path.

We do only jump vertically and change consumption (de-
struction of capital is not optimal).

Hence, we immediately jump up to the new saddle path
and stay on it. We will now follow the saddle path towards
the new steady state.



The response is in other words to immediately increase
consumption.

The steady state is characterized by a smaller capital
stock and less consumption than before.

The intuition is clear. When � increases, we become more
impatient, consume much early and have a smaller capital
stock in steady state.

The fact that the steady state capital stock is smaller can
be seen by
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What happens if the technology unexpectedly improves
(if A increases)?

Well, in this case _kt = 0 curve turns outwards and _ct = 0
shifts outwards.

We jump upwards to a new saddle path such that house-
holds immediately consume more. The capital stock can-
not however increase discontinuously.

The steady state is characterized by more consumption
and a larger capital stock.

The better technology allows for both.



What about the transversality condition?

We must have

lim
t!1

e��t�tkt = 0:

Now, e��t will go to zero as t increases.

We therefore need that neither the costate variable nor
the capital stock explodes as t increases.

We know that the steady state capital stock is

kt =

 
�A

�+ �

! 1
1��

;

so it does not explode.



Remember from the �rst-order condition that

�t = c
�

t :

Since consumption does not explode as time goes by,
neither does the costate variable.

So the transversality condition is ful�lled.

The value of the state variable at the end of the planning
horizon discounted at the rate � is zero.

Before �nishing this example we want to know if the nec-
essary conditions for a solution also are su¢ cient.



To check this, we study the so called Hessian, which con-
sists of the second derivatives

D2f(ct; kt) =
Hccc Hckc
Hcck Hckk

IfHccc < 0 and the determinant of the Hessian is positive,
then these conditions are su¢ cient for a solution.

The �rst-order conditions were

Hc = 0, c
�

t = �t

Hk = � _�t + ��t ,
�t
�
�Ak��1t � �

�
= � _�t + ��t



Let�s calculate the second derivatives

Hccc = �
c�
�1t

Hckk = (� � 1)�t�k��2t

Hcck = 0

The determinant is given by HcccH
c
kk �H

c
ckH

c
kc, which

in this case is

�
c�(1+
)t (� � 1)�t�k��2t > 0 for 
 > 0 and � < 1:

Therefore, the necessary conditions are also su¢ cient when
the utility function and the production functions are con-
cave.

A linear utility function, when 
 = 0, does for example
not work.



1.2 The typical problem

� The problem is given by:

max
ct
V0 =

1Z
0

v[kt; ct; t]dt

s:t:

(
_kt = g[kt; ct; t]
k0 = k0 > 0; given

and

lim
t!1

e��t�tkt = 0:



� The agents choose, or control, a number of variables
called control variables so as to maximize an objec-
tive function subject to some constraints.

� These constraints are dynamic in that they describe
the evolution of the state of the economy as repre-
sented by a set of state variables over time.

� _kt = g[kt; ct; t]; is a di¤erential equation in kt which
shows how the choice of the control variable, ct,
translates into a pattern of movement for the state
variable kt:



1.3 Example 2

Consider the following problem

max
ct

1Z
0

e��t ln ctdt

s:t:

(
_kt = k

�
t � ct

k(0) given

and the transversality condition (no debt when dying).

Set up the current value Hamiltonian

Hc = ln ct + �t(k
� � ct)

where �t = e
�t�t:

Note, there is one e¤ect from consumption on utility and
then one e¤ect from consumption on the transition of the
capital stock.



The necessary conditions for a solution are

Hcc =
1

ct
� �t = 0

Hck = ��t � _�t ,
�t�k

��1 = ��t � _�t:

Are the necessary conditions su¢ cient?

Let�s check the Hessian again

D2f(ct; kt) =
Hccc Hckc
Hcck Hckk

IfHccc < 0 and the determinant of the Hessian is positive,
then these conditions are su¢ cient for a solution.



The second derivatives are

Hccc = � 1
c2t

Hckk = (�� 1)�t�k��2t

Hcck = 0

The determinant is given by HcccH
c
kk �H

c
ckH

c
kc, which

in this case is

� 1
c2t
(�� 1)�t�k��2t > 0.

Because the logarithmic consumption function and the
production function are concave, the conditions are suf-
�cient for a solution.



Again, to �nd the steady state solution we need to achieve
a system of the two di¤erential equations _kt(kt; ct) and
_ct(kt; ct).

To �nd _ct, we again use the trick to di¤erentiate �t with
respect to time.

Because we have

�t =
1

ct
;

we get

_�t = �
1

c2t
_ct:

Substituting this into �t�k
��1 = ��t � _�t; yields

�
1

ct
k��1 = �

1

ct
+
1

c2t
_ct:



We now solve for _ct

_ct = (�k
��1 � �)ct

Since the equation for _kt is given by the constraint we
have the following system of equations(

_kt = k
� � ct

_ct = (�k
��1
t � �)ct

From here we can write a nice phase diagram showing
the dynamics of the model.

In steady state both _k = 0 and _c = 0. We therefore get

_ct = 0, (�k��1t � �)ct = 0, kt = (
�

�
)
1

��1

_kt = 0, ct = k
�
t :

So

k� = (
�

�
)
1

��1 = (
�

�
)
1

1��

c� = k� = (
�

�
)
�
1��:



What is the economics?

In steady state, everything is consumed while nothing is
invested.

What if � increases. Then the curve _kt turns upwards
and _ct shifts outwards. In the new equilibrium there is
more investments and more consumption compared to
before.

Assume now that � = 1
2: Then the solution boils down

to

k� = (
1

2�
)2

c� =
1

2�
:

It is clear that a higher impatience means that much of
the capital stock is eaten up and steady-state consump-
tion must be low.



1.4 Example 3

Consider the following problem

max
ct

1Z
0

e��t ln ctdt

s:t:

(
_kt = k

�
t � �kt � ct

k(0) given

where � is the depreciation rate of physical capital, kt is
the capital stock and ct is consumption. A; � and � are
constants between zero and one.

The current value Hamiltonian is

Hc = ln ct + �t(k
�
t � �kt � ct):



The necessary conditions for a solution are

@Hc

@ct
= 0

Hck = ��t � _�t

In this case, we get

@Hc

@ct
=

1

ct
� �t = 0

Hck = (�k��1t � �)�t = ��t � _�t

We take the time derivative in the �rst equation to get
_� = � 1

c2t
_c: Again we use this fact to substitute for in the

cannonical equation with the purpose of getting _ct(kt; ct)

Hence,

(�k��1 � �) 1
ct
= �

1

ct
+
1

c2t
_c

Solve for _c

_c = (�k��1t � � � �)ct:



Hence, we achieve a very similar result as in the �rst
model above (

_kt = k
�
t � �kt � ct

_ct = (�k
��1
t � � � �)ct

We can now draw the phase diagram by solving for ct
and kt when _kt = 0 and _ct = 0.

Finally, we can solve for the steady state values of con-
sumption and the capital stock.

The capital stock is given by

_c = 0$ (�k��1t � � � �)ct = 0$

k� = (
�

� + �
)
1

1��:

Using, k�, we achive the level of consumption

_kt = 0$ c�t = (
�

� + �
)
�
1�� � �( �

� + �
)
1

1��:


